The two-wave-plate compensator ͑TWC͒ technique is introduced for single-point retardation measurements. The TWC method uses a known wave plate together with a wave plate of unknown retardation and produces a linearly polarized output that allows a null of intensity to be detected. The TWC method is compared both theoretically and experimentally with the existing Brace-Köhler and Sénarmont methods. The resolution of the TWC is shown to be 0.02 nm. TWC enables the measurement of a sample retardation with as little as 0.13% error and thus is more accurate than either the Brace-Köhler or the Sénarmont method.
Introduction
Natural or induced birefringence magnitude and orientation are directly related to the characteristics of optical materials, devices, or living cells. Accurate measurements of the retardation therefore leads to the characterization of the sample's physical properties in a wide range of applications such as in crystallography for the determination of lattice mismatch, [1] [2] [3] in biology for the dynamic observation of living cells, 4, 5 for the early detection of glaucoma in the human eye, 6 in quality control of transparent materials for the measurement of stress level in glass and plastic, 7, 8 in optical communications for the evaluation of residual stress or polarization mode dispersion in micro-electrical mechanical systems, 9, 10 in optical fibers, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] and in optical interconnects. [27] [28] [29] [30] Several techniques have been developed to measure retardation magnitude and orientation. Photoelastic measurements involve the use of circular polariscopes, i.e., polarizers and quarter-wave plates, together with intensity measurements to retrieve the retardation magnitude of a sample. 31 The use of quarter-wave plates affects the accuracy of the technique, especially when it is used in white light. 32 Based on photoelasticity, spectral content analysis uses a circular polariscope and a CCD camera in white light to allow fullfield retardation measurements. 7, 8 These techniques cannot detect low-level birefringence such as that present in optical fibers and waveguides.
Recently, photoelastic modulators have been used to modulate the polarization state of the light traveling through an optical system composed of polarizers and the sample under investigation. It has been shown that the frequency demodulation of the transmitted optical signal leads to accurate measurements of the low-level retardation magnitude and orientation of the sample. 33, 34 This technique, however, possesses a low spatial resolution of the order of a millimeter, which renders impossible the profiling of devices such as optical fibers and waveguides.
In biology, polarization microscopy has proven to be very effective in detecting low-level birefringence in living cells. 35, 36 The use of compensators allows the detection of low-level birefringence. 35 More recently, a new liquid-crystal-based compensator has been added to a polarization microscope to allow the detection of low-level retardation magnitude and orientation in living cells. 37 The technique relies, however, on the accurate measurement of the light intensity, and the compensator used is not a conventional, commercially available compensator.
Another well-known technique to measure lowlevel birefringence is based on the Brace-Köhler compensator. The method consists of finding a minimum of intensity by rotating a compensator plate when a sample is observed between crossed polarizers. The technique, however, uses a smallretardation approximation, and an intensity minimum is found rather than complete extinction. This adversely affects the accuracy of the measurement. Furthermore, the Brace-Köhler compensator technique assumes that the sample retardation orientation is known.
When using monochromatic light for low-level retardation measurements, there is a need for a method based on finding a null of intensity that is more accurately measurable than an intensity minimum or an absolute light intensity. The method should not make any approximations about the retardation of the sample.
In this research, the two-wave-plate compensator ͑TWC͒ is analyzed and compared with the existing Brace-Köhler and Sénarmont techniques for singlepoint retardation measurements. The first part of this paper deals with a thorough analysis of the Brace-Köhler method. The shortcomings of the method are identified. The second part of this paper deals with a thorough analysis of the TWC technique, which consists of rotating a wave plate in a two-waveplate system until a linearly polarized output is produced. This allows a null of intensity to be measured by rotating an analyzer perpendicular to the electric field polarization direction. The applicability range, error, resolvability limit, and resolution are also quantified. Detailed experimental procedures are developed to apply the method to single-point retardation measurements. The TWC technique is also compared experimentally to the Brace-Köhler and Sénarmont techniques using samples with small retardations.
Brace-Kö hler Compensator
The Brace-Köhler compensator retardationmeasurement method, also known as the elliptic compensator method, consists of finding a minimum of intensity by rotating a compensator wave plate in order to determine the sample retardation. The two wave plates are placed between crossed polarizers. With the sample at 45°from extinction, the compensator angle producing a minimum and measured from the compensator extinction position allows the calculation of the sample retardation R S , given by 38
where R C is the compensator retardation and C is the compensator angle. Equation ͑1͒ is valid only if the compensator retardation is greater than the sample retardation. When the sample retardation is greater, the roles of both wave plates are reversed, and the sample is rotated until an intensity minimum is obtained, in which case the sample retardation is computed using
A. Two-Wave-Plate System Analysis
The optical elements represented in Fig. 1 are considered to analyze the Brace-Köhler compensator method. Two wave plates producing, respectively, phase retardations 1 and 2 are placed between crossed polarizers. The orientations of their slow axes relative to the polarizer transmission direction are respectively 1 and 2 . Jones calculus is used to determine the output intensity. 39 The various systems of axes for each optical element are represented in Fig. 2 . The polarization transmission directions of the polarizer and the analyzer are respectively x P and x A , whereas the slow axes of wave plate 1 and wave plate 2 are respectively x 1 and x 2 , as shown in Fig. 2 . The output light intensity is computed by calculating first the Jones vector A in the system of the analyzer after traveling through the optical system, Fig. 1 . Wave plate 1 and wave plate 2 with phase retardations equal to 1 and 2 are placed between crossed polarizers. Wave plate 1 and wave plate 2 slow-axis angles with respect to the first polarizer transmission direction are 1 and 2 , respectively. The Jones rotation matrices are R͑ 1 ͒ and R͑ 2 ͒, respectively, and the Jones transmission matrices are T͑ 1 ͒ and T͑ 2 ͒. In the Brace-Köhler case, wave plate 1 is at 45°from extinction. Performing the matrix multiplication, multiplying by the complex conjugate, and substituting 1 ϭ 45°, the relative intensity I BK transmitted is The transmitted intensities calculated using Eqs. ͑4͒ and ͑7͒ are plotted in Fig. 3 . The compensator phase retardation 2 corresponds to ͞10, which is the value of a commercially available Brace-Köhler compensator ͑model U-CBR1, manufactured by Olympus͒. The sample phase retardation 1 is arbitrarily chosen to correspond to ͞18. The exact expression for the transmittance, Eq. ͑4͒, shows that the minima observed in the Brace-Köhler method are not extinctions, as it is erroneously predicted by the smallretardation approximation, Eq. ͑7͒. The BraceKöhler technique does not compensate completely for the phase retardation of the sample. Rotating the compensator between crossed polarizers only allows the total phase retardation between the electric field components along the polarizers' transmission directions to be minimized. It is therefore not strictly a compensation method.
B. Brace-Kö hler Method Analysis
The first derivative of the intensity as a function of the rotating wave-plate orientation 2 is obtained from Eq. ͑4͒ as
The locations of the extrema of intensity are given when ‫ץ‬I BK ‫ץ͞‬ 2 ϭ 0. A first group of intensity extrema occurs for cos 2 ϭ 0, i.e., 2 ϭ ͑2n ϩ 1͒ ϫ 45°, where n is an integer. For the case represented in Fig. 3 , these correspond to the global and local intensity maxima observed at Ϯ45°and Ϯ135°. These intensity extrema, whether they are minima or maxima, are "nonretardation-based" extrema, as they are always observed for 2 ϭ ͑2n ϩ 1͒ ϫ 45°indepen-dently of the phase-retardation values 1 and 2 . Substituting 2 ϭ Ϯ45°in Eq. ͑4͒, the normalized transmitted intensity of the nonretardation-based extrema is given as
A second group of intensity extrema occurs when the second factor in Eq. ͑9͒ equals zero. The analytical expression of the necessary angle 2 to produce these intensity extrema is given by sin 2 2 ϭ sin 1 sin 2 2 cos 1 ͑cos 2 Ϫ 1͒ . Fig. 3 . In a two-wave-plate system, the first sample of phase retardation 1 corresponding to ͞18 is at 45°from extinction, and the compensator of phase retardation 2 corresponding to ͞10 is rotated. The intensity is plotted as a function of the compensator slow-axis angle 2 . The solid curve represents the exact intensity; the dotted curve represents the intensity calculated using a smallretardation approximation.
This second group of extrema occurs only if
Provided the phase retardations 1 and 2 satisfy Eq. ͑12͒, four "retardation-based" intensity extrema occur, and their angular positions are given by
In the case represented in Fig. 3 
This condition is represented in Fig. 4 as a function of sample and compensator retardations ranging from 0 to . The white region represents sample and compensator retardations for which the Brace-Köhler compensator technique cannot be applied to measure the sample retardation. According to Eq. ͑6͒, whenever retardation-based maxima occur between crossed polarizers, then retardation-based minima occur between parallel polarizers and conversely, whenever retardation-based minima occur between crossed polarizers, retardationbased maxima occur between parallel polarizers. As a result, the Brace-Köhler compensator applicability range may be increased by simply introducing the possibility of making the measurement between parallel polarizers.
The expressions for the retardation-based and nonretardation-based extrema between parallel polarizers are derived using Eqs. ͑6͒, ͑10͒, and ͑14͒ and are sample and compensator retardations producing no retardation-based minima.
D. Performance Characteristics

Resolvability Limit
Experimentally, only one intensity minimum needs to be found to determine the unknown retardation. The compensator model U-CBR1 manufactured by Olympus is rotatable from approximately Ϫ50°to ϩ50°. Over this range, two nonretardation-based maxima and one retardation-based minimum are observed. However, for a given phase retardation 2 , there is a maximum phase retardation 1 beyond which Eq. ͑12͒ is not satisfied. This maximum value L1 can be computed with Eq. ͑12͒ by substituting 2 ϭ 45°:
For the retardation of the commercial Brace-Köhler compensator where 2 corresponds to ͞10, the maximum sample phase retardation L1 is approximately equal to 0.91715 2 . The corresponding normalized transmitted intensity is calculated and represented as a function of the compensator orientation 2 in Fig.  7 . The retardation-based minimum that occurred for the previous value of 1 between 2 ϭ Ϯ45°is not observed, and a minimum is now observed for 2 ϭ Ϫ45°. The applicability range of the Brace-Köhler compensator technique can be defined based on its ability to resolve the retardation-based intensity minimum from the closest nonretardation-based intensity maximum that occurs at 2 ϭ Ϯ45°. This is illustrated in Fig. 8 , where the transmitted intensity variations from the minimum intensity are plotted for various values of ʈsin 2 2 ʈ as it approaches unity.
The rotating wave-plate phase retardation 2 corresponds to ͞10. The sample phase retardation is calculated for various values of ʈsin 2 2 ʈ using Eq. ͑11͒. The successive values of ʈsin 2 2 ʈ are indicated on each plot. To determine the value of ʈsin 2 2 ʈ for which the retardation-based intensity minimum cannot be resolved, the intensity variations from the intensity minimum are plotted as a function of the compensator orientation 2 . To generate the plots in Fig. 8 , it is assumed that the power of the light incident upon the first polarizer is 15 mW, which corresponds to the power of a Spectra Physics model 120S He-Ne laser. The resolvability limit of the technique can be defined as the smallest intensity variation between a minimum and an adjacent maximum that can be detected by the photodetector. For a minimum measurable intensity variation of approximately 1 nW, the intensity minimum is resolvable for ʈsin 2 2 ʈ equal to 0.9977, 0.9981, and 0.9991, respectively, in Figs. 8͑a͒, 8͑b͒, and 8͑c͒. However, the minimum is not resolvable for ʈsin 2 2 ʈ equal to 0.9998 in Fig. 8͑d͒ . As a result, the limit of applicability of the Brace-Köhler compensator technique is mathematically given by (20) for a minimum measurable intensity variation of 1 nW.
Resolution
The resolution is defined as the smallest retardation change measurable. It depends on several parameters, such as the angular resolution of the rotating mount in which the compensator is placed, the compensator retardation, and the sample retardation. For a given compensator retardation, the resolution can be calculated as a function of the angular resolution and the sample retardation. Considering a compensator and a sample with phase retardations c and s1 , the compensator angle c at which the intensity minimum is measured is given by Eq. ͑11͒ as
Considering the angular resolution ⌬, the nearest measurable sample phase retardation s2 is given by
The difference between s2 and s1 defines the resolution. 
E. Low-Level Retardation-Measurement Error
The measurement error of the Brace-Köhler compensator method is calculated taking into account the small-retardation approximation and the angular uncertainty of the measurement. For a given pair of sample and compensator, the exact angle producing a minimum of intensity is calculated using Eq. ͑11͒. The angular uncertainty of the measurement is defined as the range of angles over which the intensity variation is less than the minimum measurable intensity change. The retardation is calculated at the ends of the angular range using the small- Fig. 7 . Normalized transmitted intensity for the limiting case for the existence of retardation-based minima. Shown is the compensator phase retardation 2 corresponding to ͞10. The retardation limit of the sample is calculated using Eq. ͑11͒ with 2 equal to Ϫ45°. For this limiting case, the retardation-based intensity minimum merges with the nonretardation-based maximum at Ϫ45°. retardation approximation, Eq. ͑1͒. The relative measurement error is then computed by expressing the maximum retardation deviation as a percentage of the sample's true retardation. The measurement error is calculated and presented for the Brace-Köhler compensator in Fig. 10 for sample and compensator retardations between 0 and ͞8. Only 22.125% of the total number of error data used to generate Fig. 10 are less than 1%. The error increases as sample and compensator retardations increase owing to the small-retardation approximation that predominates over the error from the uncertainty in the angle measurement. It also increases as sample and compensator retardations become very small owing predominantly to the uncertainty of the angle measurement. More precisely, it increases beyond 10% for retardations less than ͞500. At that very low level of retardation, the absolute uncertainty of the measurement is not greater than that at larger retardations; however, it becomes relatively large compared with the retardation to be measured.
Two-Wave-Plate Compensator
The Brace-Köhler technique has numerous shortcomings that limit its applicability range and its accuracy. It is not a rigorous compensation method and does not produce extinction as is the case, for example, with the Sénarmont compensator technique. 38 In a two-wave-plate system, there exists a relative orientation of the wave plates resulting in a total retardation equal to 0 or , producing a linearly polarized output. If this linearly polarized output exists, it is not parallel to the analyzer transmission direction, and extinction can be obtained only if the analyzer is rotated so as to be perpendicular to the linearly polarized electric field exiting the second wave plate. This is the basis for the development of a new retardation-measurement technique, the twowave-plate compensator ͑TWC͒ technique. 43 A. Two-Wave-Plate System Analysis An analytical expression of the rotating wave-plate angle necessary to obtain a linearly polarized output is needed. This can be done using Jones calculus as was done in Section 2. The Jones vector expressed in the system of axes associated with the second wave plate is given by
where T͑ 2 ͒ is the transmission matrix of phase retardation 2 , R͑ 2 ͒ is the rotation matrix of angle 2 , and a and b are the components' magnitudes of the Jones-vector characteristic of the electric field exiting the first wave plate expressed in the system of axes of the crossed polarizers. It can be shown that the major and minor axes of the ellipse traced by the electric field exiting the first wave plate are given by a ϭ Fig. 9 . Resolution of the Brace-Köhler compensator technique as a function of sample retardation and angular resolution. ͑a͒ Compensator retardation equals ͞10. ͑b͒ Compensator retardation equals ͞30. Fig. 10 . Error in Brace-Köhler compensator method for sample and compensator retardations ranging from 0 to ͞8. The error is determined taking into account the measurement angular uncertainty that is due to the sensitivity of the detector and taking into account the small-retardation approximation. Only 22.125% of the total number of error data in the plot are Ͻ1%.
cos͑
with
The condition for the electric field to be linearly polarized is given by
where k is an integer. Substituting the expressions of ␦ 1 and ␦ 2 in Eq. ͑29͒ and using trigonometric identities leads to the TWC formula for linearly polarized output as
B. Two-Wave-Plate Compensator Applicability
The condition of existence of the angle 2 in Eq. ͑30͒ is given by
Equation ͑31͒ allows one to determine which of the sample or compensator waveplates is to be rotated to obtain linearly polarized light. Contrary to the Brace-Köhler compensator technique, the TWC technique is guaranteed to produce linearly polarized output provided Eq. ͑31͒ is satisfied. The applicability range of the TWC technique can be represented using Eq. ͑31͒ as a function of the sample and compensator retardations. Figure 11 represents the magnitude of the angle 2 in degrees for various sample and compensator retardations. The angle 2 is calculated using Eq. ͑30͒. Depending on the retardation values, either the compensator needs to be rotated to obtain linearly polarized light, which is represented in Fig. 11͑a͒ , or the sample needs to be rotated, which is represented in Fig. 11͑b͒ . A linearly polarized output can always be obtained, provided the fixed and rotating wave-plate roles are assigned so that Eq. ͑31͒ is satisfied. If, by rotating the compensator ͑or the sample͒, Eq. ͑31͒ is not satisfied, i.e., ʈsin 2 2 ʈ Ͼ 1, it is obvious that rotating the sample ͑or the compensator͒ then satisfies Eq. ͑31͒, since reversing the roles of the two wave plates results in inverting the ratio tan 1 ͞tan 2 .
C. Two-Wave-Plate Compensator Working Principle
A detailed study of the output light polarization is shown in Figs. 12, 13, 14, and 15 for a sample of phase retardation corresponding to 0.15 and a compensator of phase retardation corresponding to 0.45. The x axis of the system in which the polarization states are plotted in Figs. 13 and 15 corresponds to the first polarizer transmission direction. For the retardations used in this example, a linearly polarized output is produced when the sample of retardation 0.15 is rotated. Using Eq. ͑30͒, the sample orientation producing a linearly polarized output is calculated and is equal to 6.83°. The lengths of the semiaxes and the ellipticity of the output light polarization ellipse as a function of the sample orientation are plotted in Fig. 12 . The linearly polarized output is Fig. 11 . Magnitude of the angle 2 producing linearly polarized light is calculated for sample and compensator retardations ranging from 0 to . ͑a͒ The linearly polarizing angle is calculated when the compensator is rotated. The white region represents retardations for which no linearly polarized output is produced as the compensator is rotated. ͑b͒ The linearly polarizing angle is calculated when the sample is rotated. The white region represents retardations for which no linearly polarized output is produced as the sample is rotated.
produced when the semiminor axis of the polarization ellipse is equal to zero. In Fig. 13 , the output light polarization is represented when the sample of retardation 0.15 is rotated from Ϫ45°to ϩ45°. As calculated, the linearly polarized output is produced for 2 equal to 6.83°, which is also seen in Fig. 12 . By incrementally rotating the analyzer so that its transmission direction is always parallel to the semiminor axis of the polarization ellipse as the linearly polarizing wave plate is rotated, the intensity transmitted goes through extinction when the semiminor axis goes through zero.
In contrast, Figs. 14 and 15 represent the semiaxes, ellipticity, and polarization states as the compensator is rotated. In this configuration, the nonlinearly polarizing wave plate is rotated, and no linearly polarized output is produced between Ϫ45°a nd ϩ45°. The semiminor axis of the output polarization ellipse decreases monotonically. The semiaxes lengths, minor semiaxis orientation, and ellipticity of the polarization states represented in Figs. 13 and 15 are summarized in Tables 1 and 2 .
The observation of the output polarization states as the linearly polarizing or the nonlinearly-polarizing wave plate is rotated allows one to develop the experimental procedure needed to determine whether the sample or the compensator has to be rotated to use the TWC technique. The polarizers are first crossed. One of the wave plates, compensator or sample, is rotated at 45°from extinction and is chosen to be the fixed wave plate in this test experiment. The other wave plate, sample or compensator, is rotated so it is at Ϯ45°from extinction and is chosen to be the rotating wave plate. With the wave plates in their respective initial orientations, the intensities transmitted between crossed and parallel polarizers are determined by rotating the analyzer accordingly. The analyzer must then be oriented to either of the positions that produced the minimum intensity ensuring the analyzer transmission direction is parallel to the semiminor axis of the output light polarization ellipse. The rotating wave plate is rotated by increments from Ϯ45°to ϯ45°. For each rotating waveplate orientation, the analyzer is rotated so a minimum of intensity is transmitted, ensuring the analyzer transmission direction is locked on the semiminor axis of the output polarization ellipse. The intensity transmitted through the analyzer is observed as it is rotated. If the intensity goes through extinction, the wave plate that is initially chosen as the rotating wave plate is the linearly polarizing wave plate. Consequently, the measurement using the TWC technique is to be done by rotating the same wave plate. By contrast, if the intensity decreased or increased monotonically during the test experiment, the wave plate that is initially chosen as the rotating wave plate is the nonlinearly polarizing wave plate. This wave plate must therefore be oriented at 45°from extinction and be fixed to use the TWC technique, while the other wave plate must be rotated. This experimental procedure is illustrated in Fig. 16 .
The measurement using the TWC technique consists of following the steps in the procedure represented in the flow chart of Fig. 17 . Once the test experiment has been run, the phase-retardation values of the sample samp and that of the compensator comp are assigned to 1 or 2 , depending upon which is the linearly polarizing wave plate. Following the determination of the wave plates' roles, the analyzer transmission direction must be brought parallel to the semiminor axis of the output polarization ellipse by placing the rotating wave plate at Ϯ45°from extinction and setting the analyzer to produce a minimum of intensity. This is similar to what is done in the test experiment. Having set the analyzer transmission direction parallel to the semiminor axis of the polarization ellipse, the rotating wave plate is rotated by small increments, and the analyzer is rotated at each increment so the intensity transmitted is minimum. When extinction is produced, the rotating wave-plate angle e is recorded and is used to determine the unknown sample retardation. Equation ͑30͒ is used to calculate the unknown samp . Two different expressions are derived to calculate the sample retardation depending if 1 ϭ samp or 1 ϭ comp . These expressions are indicated at the end branches of the flow chart.
D. Performance Characteristics
Resolvability Limit
The applicability of the TWC technique for measuring retardation depends upon the capability of the optical system to resolve the point of extinction from the adjacent local maximum occurring for 2 equal to Ϯ45°͑Fig. 12͒. As the tangents of the sample and compensator retardations converge toward the same value, the angle producing linearly polarized light approaches Ϯ45°, and the adjacent maximum inten- sity decreases, which renders more difficult the distinction between the extinction and the adjacent maximum. This is illustrated in Fig. 18 , where the intensity transmitted along the semiminor axis of the output light polarization ellipse is plotted as a function of the rotating wave-plate angle between Ϫ48°a nd Ϫ42°for a light source power I o equal to 15 mW. The retardations of the sample and compensator are respectively equal to 0.15 and 0.1502. In the case where the compensator is the rotating wave plate, a linearly polarized output is produced for 2 equal to Ϫ47.08°, Ϫ42.91°, 132.92°, and 137.08°. When the compensator is rotated between Ϫ48°and Ϫ42°, extinction is produced for two of these angles, shown in Fig. 18 . Also shown in Fig. 18 is the intensity transmitted as the sample is rotated over the same angular range. When the sample is rotated from Ϫ45°to ϩ45°, no linearly polarized output is produced, and the semiminor axis of the output polarization ellipse increases monotonically similarly to that shown in Fig. 14. It will be shown analytically that the intensity of the minimum produced at Ϫ45°when the sample is rotated is equal to that of the local maximum produced when the compensator is rotated. This is seen in Fig. 18 . The capability of the system for measuring the intensity difference between the intensity of the global minimum occurring at Ϯ45°w hen the nonlinearly polarizing wave plate is rotated and the intensity of the global minimum occurring when the linearly polarizing wave plate is rotated defines the resolvability limit of the TWC technique. This depends upon the sensitivity of the system in measuring and resolving low-level intensities. In the example of Fig. 18 , the minimum measurable intensity must be less than 5 nW in order to resolve the global minimum when the compensator is rotated and the global minimum when the sample is rotated.
The intensity along the semiaxes of the output polarization ellipse is computed using Eqs. ͑42͒ and ͑43͒ that are derived in the appendix section. The result is
In Fig. 18 , in order for the local maximum occurring for 2 equal to Ϫ45°to be resolved, its intensity must be greater than the minimum intensity I min measurable by the experimental system. This condition is expressed as
Using the equations above, the resolvability condition can be stated as a function of sample and com- pensator retardations, the input power, and the minimum measurable power, as 2 arcsin ͩͱ
2 arcsin ͩͱ
Resolution
The resolution of the TWC technique can be quantified as a function of the sample retardation and angular resolution as was done with the Brace-Köhler compensator. The compensator angle c necessary to produce linearly polarized light is given by Eq. ͑30͒ as sin͑2 c ͒ ϭ Ϫtan s1 ͞tan c , with s1 and c being the sample and compensator phase retardations. The nearest measurable retardation s2 is given by
with ⌬ the angular resolution. The difference between s2 and s1 allows the resolution to be com- 
E. Measurement Error
The measurement error using the TWC is calculated by determining the angular measurement uncertainty, which is defined as the angular range over which the output light intensity decreases beyond the minimum measurable intensity. The corresponding measured retardations at either extreme of the angular range are calculated using the TWC formula and compared with the true sample retardation. Figure 20 represents the relative measurement error for sample and compensator retardations ranging from 0 to . A minimum measurable intensity of 5 nW is considered to plot Fig. 20 . The relative error of the measurement remains Ͻ2% over the entire range of sample and compensator retardations except when the compensator retardation is a multiple of a quarter-wave plate or a half-wave plate, in which case the error increases beyond 10%. The error remains low, however, when the sample retardation is a multiple of a quarter-wave plate or a half-wave plate.
The measurement error of the TWC technique is also calculated for retardations between 0 and ͞8 and is represented in Fig. 21 . In this plot, 71.41% of the total number of error data are less than 1%, whereas only 22.125% of the error data was less than 1% in the Brace-Köhler compensator case in Fig. 10 in Section 2. This shows that even for smaller retardations, the TWC technique is more accurate than the Brace-Köhler compensator technique. The TWC error shown in Fig. 21 is entirely due to the angular uncertainty of the measurement. Therefore, as the retardations increase, the relative error decreases, as there are no small-retardation approximations. However, as retardations become very small, the relative error increases. As in the case of the Brace-Köhler compensator, it increases beyond 10% for retardations less than ͞500, and this is also because the error from the angular uncertainty becomes relatively large.
Experiments
The TWC technique is compared experimentally with the Brace-Köhler and Sénarmont techniques using the configuration in Fig. 22 . A He-Ne laser of out- Fig. 18 . Intensity transmitted along the analyzer transmission direction is plotted for a sample phase retardation corresponding to 0.15 and a compensator phase retardation corresponding to 0.1502. The input intensity is 15 mW. In one case, the sample is rotated and no extinction is obtained ͑upper curve with one global minimum͒. In the other case, the compensator is rotated and extinction is obtained ͑lower curve with two global minima and one local maximum͒. put power equal to 15 mW is used as a light source. The polarizers P and A are Glan-Thompson prisms. The extinction ratio of the polarizers is measured before the retardation measurements and is equal to 6.6 ϫ 10
Ϫ8
. For the TWC and Brace-Köhler techniques, the compensator C is the Brace-Köhler compensator model U-CBR1 of retardation equal to 59.66 nm at the wavelength of 546.1 nm. It is placed in a rotating dial, allowing the compensator to rotate from Ϫ50°to ϩ50°. It is usually supplied for use in a polarization microscope to measure retardations less than ͞30. For the Sénarmont compensator technique, a quarter-wave plate designed for 632.8 nm is placed at extinction after the sample. Having placed the sample at 45°from extinction, the output light exiting the quarter-wave plate is linearly polarized. Extinction is obtained by rotating the analyzer perpendicular to the electric field. It can be shown that the analyzer angle producing extinction is exactly half the phase shift of the sample. The Sénar-mont compensator method is a widely used technique, and more details can be found in the literature. 38 Two samples are used to compare the methods. Manufacturing wave plates of small retardations is difficult and may not be as accurate as for larger retardations. Consequently, to produce a small retardation, two half-wave plates made of mica are used that are designed respectively for wavelengths equal to 780 nm and 800 nm. The wave plates were fabricated by Karl Lambrecht Corporation. Orientating both wave plates so their fast and slow axes are parallel allows a retardation equal to the difference between both wave plates' retardations to be produced. This principle is used to obtain a total retardation of ϳ10 nm. The second sample is the second type of Brace-Köhler compensator, model U-CBR2, and having a retardation equal to 21.54 nm at the wavelength of 546.1 nm. It is usually used to measure retardations less than ͞10.
Because the Karl Lambrecht wave plates are fabricated with an uncertainty of Ϯ5 nm, they are first measured individually using the Sénarmont compensator technique and the configuration of Fig. 22 . Table 3 shows a comparison of the measured retardations with the manufacturer's values. The manufacturer's values are calculated taking into account the birefringence dispersion of mica between the wavelengths for which the wave plates have been fabricated, i.e., 780 and 800 nm, and the wavelength 632.8 nm at which they are used. The retardations of both wave plates are measured at 632.8 nm and are found to be 392.86 nm and 409.39 nm, respectively. Combining both wave plates therefore allows a total retardation of 16.53 nm to be produced. This first sample is used to compare the Brace-Köhler, TWC, and Sénarmont techniques. A Karl Lambrecht wave plate is placed in a rotating dial in the light path and orientated at 45°f rom extinction. The second wave plate is placed in a rotating insert that is fixed at a position producing a minimum of intensity corresponding to the case where the fast and slow axes of both wave plates are parallel. The retardation is measured using the three techniques, and the error is calculated as a percentage of the exact retardation. This is summarized in Table 4 . Of the three techniques, the TWC measured the retardation most accurately, producing an error of only 1.60%, whereas the Sénarmont and Brace-Köhler Fig. 21 . Error in TWC method for sample and compensator retardations ranging from 0 to ͞8. The error is determined taking into account the measurement angular uncertainty owing to the sensitivity of the detector. 71.41% of the total number of error data in the plot are Ͻ1%. techniques produced errors of 9.57% and 5.80%, respectively. The Brace-Köhler compensator model U-CBR2 is also used as a sample. Table 5 summarizes the results. The sample's retardation is recalculated for the wavelength of 632.8 nm, since the manufacturer's value is given for the wavelength of 546.1 nm. The TWC also measured this sample's retardation most accurately, producing an error of only 0.13%, whereas the Sénarmont and Brace-Köhler techniques produced errors of 2.2% and 0.74%, respectively.
Conclusions
The two wave-plate compensator technique is analyzed and developed for single-point retardation measurements. It consists of rotating a wave plate in a two-wave-plate system until a linearly polarized output is obtained that allows extinction to be produced by rotating the analyzer. The condition for linearly polarized output is derived as a function of the two wave plates' retardations without any approximations. Experimental procedures are developed to determine whether the sample or the compensator needs to be rotated to proceed to the measurement and to retrieve accurately the retardation. Unlike the Brace-Köhler method, the TWC technique is applicable for all retardations from 0 to . It is shown numerically that the TWC technique is more accurate than the BraceKöhler method over a wider range of small retardations from 0 to ͞8. The TWC resolution is calculated to be 0.02 nm. Experimentally, the TWC method is compared with the Brace-Köhler and Sénarmont methods on samples with small retardations. For the two samples, the TWC produces relative errors of 1.60% and 0.13%, respectively, whereas the BraceKöhler and Sénarmont techniques produce relative errors of 5.80% and 9.57% for the first sample and 0.74% and 2.2% for the second sample, respectively. The TWC technique proves to be more accurate than the Brace-Köhler and Sénarmont compensator techniques for single-point retardation measurements of small retardations. Future research involves the implementation of the TWC technique for full-field retardation measurements using a polarization microscope. This ultimately can be used for the accurate twodimensional retrieval of natural or stress-induced birefringence in optical fibers and optical interconnects. 
